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VLBI Observation Equation based on General relativity
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Signal arrival time difference (time delay)
between pair of radio telescopes is observed.

Physical parameters (Baseline vector, Source [ e Baséinne
structure, etc..) are estimated from the delay W Frocisely Syncrnor -
data for radio sources in different directions. " Sl Atomic Atomic

""“"’;'1'('5; Clock ;*‘_g:eiver ‘
Delay model is inherently non-linear w.r.t. the Y o
parameters. Linearized equation for small
quantity (O-C) is solved with accurate
prediction model.
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Magnitude of relativistic effect ?

VLBI Observable and its precision
» Baseline Length B=6400km (Earth Radius) -> 21.3ms (t~2.13 x 1072 [s])
- Meas. Precision: -> 1ps~0.1ps (61~10712~10713 [s])

Relativistic Effect
2
. . v
« Velocity: x (Z)

2 2
« Earth rotation@Equator 465 m/s = (g) =2.4x1071%  t. (E) =5x 1071 [s] (=0.05 [ps])

2 2
 Earth evolution :3x10*m/s =>(§) =1x1078, 1. (E) =2x 10710 [s] (=211 [ps])
« Gravitational Potential: xC—UZ\ U= GTM
- Earth (Earth Surface) U/ 2~7x10710, ©. U/, =1.5x 107" [s] (=15 [ps])
« Sun (Earth Orbit) U/ 2~1x107%, ©.V/ ,=21x1071° [s] (=210 [ps])

« Jupiter (Jipiter Orbit) 1 U/ 2~2%x1071%, 1-U/ , =4 x107* [s] (=0.04 [ps])



Lorentz transformation 17 Ly

Simple 1-D case
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Lorentz contraction

A length rest w.r.t. S’ frame is measured from S frame.
Length measurement must be made simultaneously in S

frame (dt=0).
dt’ 1 —B\/0 —Bdx dxr A length in moving system
(Cdx’) = Vs (_,,3 1 ) (dx) = Vs( gx ) m) dx = Ve < dx’ Is measured shorter in rest

frame.

This is due to difference of simultaneity between mutually moving
frames.



Lorentz transformation

Simple 1-D case
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Difference of Simultaneity

Simultaneous event in S (rest frame) is not
simultaneous in S’(moving frame)

1Y
Moving Frame
S/

V‘ X

}

Rest Frame S
4
X

Inversely, a moment simultaneous in S’ frame (dt'=0)
corresponds to different epochs depending on the
position in S frame.
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Moving Frame S’

Lorentz transformation

Simple 1-D case
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Time dilation

A time interval dt’ in S’ frame is shorter than that in S frame.

(= )= (A (405 )~

Time in S’ passes slower than S, in other words.



Lorentz transformation

The simplest 1-D case
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Lorentz transformation in 4-D
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Theory of relativity tells that space-time is 4-D geometry.

Invariant quantity w.r.t. coordinate transformation: Wein summation convention
infinitesimal 4-D event distance (line element) ds is given with metric tensczlrggv as : Gudiidx” = Z Gudxlidx”
oo " Hos3 d))zl where Greek charactellf'z/ojou V,..)runs0--3
2 _ UV — 0 1 2 3 : : WY, =
(ds)~ = guvdx dx’ = (dx® dx! dx? dx3) g' g' dx> and roman character (1,j,k,...) runs over 1 -- 3
30 7 Y33
dx3
Flat (Mincowski) space case:
-1 0 0 O
2 _ u vV — 2 2 2 2 — 0 1 0 0
(ds)* = npdxtdx¥ = —(cdt)* + dx* + dy* +dz*, n, = 0 0 1 0
0O 0 0 1

This event distance is invariant w.r.t. Lorentz transformation. It is confirmed as follows in 2-D case.

(Ct) = 7. (1 ﬁ) (Ct,')\ = (_1 0) Lorentz transformation is expressed as x = Lx’, and Mincowski metric
X F1)\x 3 0 1 tensor M gives ds?® = x!Mx = x''L'MLx'

J \ J
| |

L M |

2
— L'ML = y? (1 ’8) (_1 0) (1 'B) = — <_(1 — B 0 2) - M Therefore, x!Mx = x'*Mx' = ds?
g 1)\0 1 1-p 0 1-p is invariant w.r.t. Lorentz transformation.




A general space-time invariant event distance (ds)* = g,, dx*dx"

2 2
Post-Galilei metric tensor g,,is given as Joo = —1+ —(f , Joj = 9jo=0,9;; =6;; + Cf(g

Invariant event line element is 2 2
2 v ¢ 2 2 ¢ 2 2 2
(ds) = gypdxtdx’ = — il—~;5 dt +-i1+~;5 (dx* + dy* + dz*) (1)

Equation of proper time

Coordinate time t: time coordinate of the reference frame
Proper time 7: time system co—moving with the object of concern (dx#=0)

(ds)? = —c?(dr)* = — (1 ZC¢) c?dt® + (1 + )(dx + dy? + dz?). Dividing equation with (dt)? gives

() = (1-2)- (14 2) () < (1-2) - (& where v = J(=) + (@) + (=)

dt c? c? c? C
dt 2q§ V 2 qb 1/V 2 Approximation with Taylor expansion and retaining terms in order of (V/c)?
ar = 1-— z (?> ~1— z E(?> VItx=1+zx2—2x3+-,and V/c~107% ¢/c2c~107%.

Proper time (clock co-moving with the object) rate is slower than coordinate time
due to gravitational potential and velocity of the object.




Reference frame and Coordinate time

Reference frame

BCRS:Barycentric Celestial Reference System.
Its coordinate time is Barycentric Coordinate
Time (TCB), or Barycentric Dynamical Time
(TDB)

GCRS:Geocentric Celestial Refence System
Its coordinate time is Geocentric Coordinate
Time (TCG), or Terrestrial Time (TT) as scaled
time scale to be the same clock rate with

Gravitational

GM

potential U = — TCB: Barycentric Coordinate Time

Time system related with TT
TT(Terrestrial Time): a coordinate time of scaled
TCG to be the same rate with proper time of
clock on the Geoid. TT=TAI+32.184 s
TAI (Temps Atomique International): Time system
generated as weighted average of primary
frequency standards in the world. It is regarded
as realization of TT.
UTC (Coordinated Universal Time):Time system
with additional offset to TAI to be coincide with
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is larger in deeper
direction.

TDB: Barycentric Dynamical Time
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Schematic diagram of Coordinate time and potential

ETT: Terrestrial TimF L¢

TAI within 0.9 s.
dr u 1,v u 1,2
-S4 - (e
C 2 \c

=1—1Ly : (TCB < TDB)
=1-1L; : (TCG < TT)

Ly =1—2TP%_1 550519768 x 108
d(TCB)

Le =1--210 = 5969290134 x 10-10
d(TCG)
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